A wild knot ^ as limit set of a Kleinian 
Group: Indra's pearls in four dimensions. 

Gabriela Hinojosa * 
Facultad de Ciencis, UAEM 
62210, Cuernavaca, Mexico. 
gabriela@matcuer.unam.mx 

July 31, 2003 

Abstract 

The purpose of this paper is to construct an example of a 2-knot 
wildly embedded in as the limit set of a Kleinian group. We find 
that this type of wild 2-knots has very interesting topological proper- 
ties. 

1 Introduction 

One geometrical method used to obtain remarkable fractal sets of extreme 
beauty and complexity having the property of being self-similar (i.e. con- 
formally equal to itself at infinite small scales), is by considering the limit 
sets of Schottky groups, consisting on finitely generated groups of reflections 
on codimension one round spheres. As a testimony of such a beauty and 
complexity, one can consult the wonderful book Indra's Pearl: The vision of 
Felix Klein written by D. Mumdord, C. Series and D. Wright 



The purpose of the present paper is to construct, in the spirit of Indra's 
pearls book, an example of a wildly embedded 2-sphere in §^ (i.e. a wild 

*This work was partially supported by CONACyT (Mexico), grant G36357-E, and 
DGEP-UNAM (Mexico). 
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2-knot in S^) obtained as limit set of a Kleinian group. 

In section 2, we present the preliminary definitions and results in knot 
theory and Kleinian groups that we will use in this paper. In section 3, we 
describe the geometric ideas involved to construct a wild 2-knot, and we give 
an explicit example of such a group. In section 4, we prove that the limit set 
obtained in section 3, is a wild 2-knot in S^. In sections 5, 6 and 7 we give 
very interesting topological properties in the case where the original arc (see 
section 2) fibers over the circle. We show that the wild 2-knot also fibers over 
the circle and we determine its monodromy. In section 8, we lift the action 
of this Kleinian group to the twistor space of S^, obtaining a dynamically 
defined x §^ wildly embedded in the twistor space P^- 

I want to thank Prof. Alberto Verjovsky for all the discussions and very 
important suggestions. I also want to thank Prof. Aubin Arroyo for drawing 
the beautiful Figures 10 and 11. 



2 Preliminaries 

In 1925 Emil Artin described two methods for constructing knotted spheres 
of dimension two in §^ from knots in The first of them is called sus- 
pension. Roughly speaking, this method consists of taking the suspension of 
(K, S^), where C is a tame knot, to obtain a 2-knot UK in S^. By con- 
struction, we have that the fundamental group of I^K is easily computable. 

The second method is called spinning and uses the rotation process. A 
way to visuahze it is the following. We can consider §^ as an S^-family of 
half-equators (meridians=D^) such that the respective points of their bound- 
aries are identified to obtain the poles. Then the formula Spin{3^) = 
means to send homeomorphically the unit interval to a meridian of §^ 
such that dS^ = {0, 1} is mapped to the poles and, multiply the interior of 

by S-*^. In other words, one spins the meridian with respect to the poles 
to obtain Similarly, consider S""*"^ as an S^-family of half-equators (D") 
where boundaries are respectively identified, hence Spin{W') = Ei^^^ means 
to send homeomorphically D" to a meridian of and keeping dB)"' fixed, 
multiply the interior of D" by S^. In particular SpiniJ}^) = S^. 
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It is this second method that we will use to construct a 2-sphere wildly 
embedded in S^, so we will give a more detailed description of it. 

Consider in the half-space 

M^ = {(a;i,a;2, 0:3,0) : > 0} 
whose boundary is the plane 

= {(a;i,X2,0,0)}. 

We can spin each point x — {xi,X2,X3, 0) of with respect to according 
to the formula 

Re{x) = {xi,X2,X3Cos9,X3sm9). 
We define Spin{X) of a set X C M+, as 

Spin{X) = {Re{x) :xeX,O<0< 2n}. 

To obtain a knot in W^, we choose a tame arc A in M.^ with its end-points 
in and its interior in R^ \ R^. Then Spin{A) is a 2-sphere in R^ called a 
spun knot. 




Figure 1: Spun knot. 



We can think of A as the image of an embedding A : / — > R^ with 
^(0) ^ A{1) e R^ and which will be denoted by the same letter. Then we 
will say that an arc A C R^ is a spinnable arc if it is smooth in every point 
with contact of infinite order with respect to the normal on its end-points. 
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It can be proved that the fundamental group of Spin{A) is isomorphic to 
ni(]R']_ — A) and by the Seifert-Van Kampen Theorem's, this is isomorphic 
to the fundamental group of A U L in M^, where L C is an unknotted 
segment joining the end-points of A (see [22], 

Our goal is to obtain a wild 2-sphere as the limit set of a conformal 
Kleinian group. We will give briefly some basic definitions about Kleinian 
groups. 

Let Md6(§"') denote the group of Mobius transformations of the n-sphere 
§" = U {oo}, i.e. conformal diffeomorphisms of S" with respect to the 
standard metric. For a discrete group G C Mo6(S"') the discontinuity set 
Q{G) is defined as follows 

n[G) = {x G S" : the point x possesses a neighbourhood U{x) such that 

U{x) n g{U{x)) is empty for all but finite elements g G G}. 

The complement §" — Vt{G) = A{G) is called the limit set (see jU]). 

Both Q{G) and A(G') are G-invariant, Q{G) is open, hence A(G) is com- 
pact. 

A subgroup G C Mo6(S") is called Kleinian if Q{G) is not empty. We 
will be concerned with very specific Kleinian groups of Schottky type. 

We recall that a conformal map on can be extended in a natural way 
to the hyperbolic space H""*"^, such that ^/'Ih'i+i is an orientation-preserving 
isometry with respect to the Poincare metric. Hence we can identify the 
group Mo6(S") with the group of orientation preserving isometrics of hyper- 
bolic (n + l)-space EI"'^^. This allows us to define the limit set of a Kleinian 
group through sequences. 

A point X is a limit point for the Kleinian group G, if there exist a point 
z G and a sequence {gm} of distinct elements of G, with gm{z) x. The 
set of limit points is A(G) (see [H] section II. D). 

One way to illustrate the action of a Kleinian group G is to draw a picture 
of fl{G)/G. For this purpose a fundamental domain is very helpful. Roughly 
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speaking, it contains one point from each equivalence class in Q{G) (see [TU] 
pages 78-79, [H] pages 29-30). 

Definition 2.1 A fundamental domain D for a Kleinian group G is a codi- 
mension- zero piecewise- smooth submanifold (subpolyhedron) of Q{G) satis- 
fying the following 

^- UgeG di^^^iG)^) = ^ denotes closure). 

2. g{int{D)) fl int{D) = for all g E G — {e} (int denotes the interior). 

3. The boundary of D in VL{G) is a piecewise- smooth (polyhedron) sub- 
manifold in ^1{G), divided into a union of smooth submanifolds (convex 
polygons) which are called faces. For each face S, there is a correspond- 
ing face F and an element g = gsF G G — {e} such that gS = F (g is 
called a face-pairing transformation) ; gsF = dps- 

4. Only finitely many translates of D meet any compact subset ofQ{G). 

THEOREM 2.2 (IWjl, Let D* = D HQ/ denote the orbit space 

with the quotient topology. Then D* is homeomorphic to Q/G. 

3 The Construction 

The main idea of this construction is to use the symmetry of the spinning 
process to find a "packing" (i.e. a cover) of an embedded in consisting 
of closed round balls of dimension 4, such that the group T generated by 
inversions in their boundaries (spheres of dimension 3) is Kleinian, and its 
limit set is a wild sphere of dimension two. 

Definition 3.1 Let X E S". We will say that E = U^^Sj is a packing 
for X if this is contained in the interior of E, where Bi is a closed ball of 
dimension n for i = 1, . . . , m. 

Definition 3.2 Let A be a spinnable knotted arc in M.^. A semi-pearl solid 
necklace subordinate to it, is a collection of consecutive closed round 4-balls 
such that 
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1. The end-points of A are the centers of and respectively. 

2. The arc A is totally contained in VJ^^iB^ . 

3. Two consecutive balls are orthogonal; otherwise B'^nB^ — 0,j^i-\-l. 

4- The segment of A lying in the interior of each ball is unknotted. 

Each ball B^ is called a solid pearl. Its boundary is a 3-sphere called a 
pearl. A semi-pearl necklace subordinate to A is U^^j^E*. 

Next, we will define a pearl-necklace Spin(T) subordinate to the 2- knot 
Spin{A), with all the requirements needed for the group, generated by re- 
flections on each pearl, to be Kleinian. 

Definition 3.3 Let A C M.^ be a spinnable knotted arc. A pearl-necklace 
Spin{T) subordinate to the tame knot Spin{A) C S>'^ is constructed in the 
following way 

1. Let T be a semi-pearl necklace subordinate to A consisting of the pearls 

Consider the subset T = Now, in 

Spin{A) we will select six isometric copies R2ni/6{A) of A, called Ai, 
i — 1, ... ,6, in such a way that each A^ has subordinate a isometric 
copy R2%i/Q{T) of T, denoted by Ti, i = 1, . . . ,6. We will require that 
e Ti is orthogonal to the corresponding ^i^i G T^+i. 

2. At each pole of the knot Spin{A) we set a pearl E^, m = 1,2, orthogo- 
nal to the pearls of the next and previous levels, T,} and E', i = 1, . . . , 6, 
respectively; such that Ei n (n^t^^E^) ^ ij) and E2 n (n^t^E^) ^ ij) 

3. At each intersection point (see proposition 3.4) of two consecutive pearls 
E^, E(^^^ in Ti and the corresponding E^^^^, ^i+i ^i+i; '^^ set a pearl 
Pi which is orthogonal to these four pearls and does not intersect any 
other, i.e. we require that fl E^ = for ry^k,k-\-l, Sy^i,i-\-l and 
P'*^nE„ = 0,/orm = l,2. 

4. The intersection Bf fl Spin{A) is an unknotted disk, where Bi is the 
solid pearl whose boundary is E^. 
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Let Spin(T) = {Si, . . . , E„} be a pearl-necklace. We define the filling of 
Spin(T) as \Spin(T)\ = U"^i-Bj, where Bi is the round closed 4-ball whose 
boundary dBi is the pearl Sj. 

Geometrically, the above definition means that when we rotate A and T 
with respect to M^, we obtain an infinite number of pearls covering Spin{A). 
We shall select a finite number of them keeping a "symmetry", i.e. we will 
choose T such that when we spin a pearl E'^ e T, we can select six of 
{ReCE^) '■ < 6 < 27r} in such a way that their centers form a regular 
hexagon and adjacent pearls are orthogonal (two pearls are orthogonal if the 
square of the distance between their centers is equal to the sum of the squares 
of their radii). In other words, we will choose six M.^ (six pages of the open 
book decomposition of M^). As a consequence, in Spin{A) we will have six 
preferential meridians (one for each page). Each meridian Ai [1 < i < 6), 
is a copy of A and has a semi pearl-necklace Tj (1 < i < 6) subordinate to 
it which is an isometric copy of T. The pearls belong to Tj will be denoted 
by , where the superscript k = 1, . . . ,1, indicates its "latitude" and the 
subscript i = 1, . . . , 6, indicates its "meridian" (see Figure 2 and compare 
mi page 208). 




Figure 2: Spinning the arc A with six preferential meridians. 



At each pole of the knot Spin{A) we will set a pearl S.^ {m = 1, 2) 
orthogonal to the other six of the previous or next level respectively, such 
that there is no hole among them (see Figure 3), i.e. fl fl ^l^i 7^ 



G Z/6Z), for the 3-tuples of indexes 



1,J 



1,< 



and (m = 2, j = /, i). 
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By standard arguments of Euclidean geometry this sphere always exists. 




Figure 3: A pearl set in an end-point of the arc A. 

At this point, wc have chosen a finite number of pearls. However, we have 
not proved that Spin{A) is totally covered by them. 

PROPOSITION 3.4 The pearls i:'^ , k = 1, . . . ,1, i = 1, . . . ,6 and the two 

pearls E^, (m = 1,2) at the poles, totally cover a knot isotopic to Spin{A). 

Proof. 

Firstly, we will verify that the intersection of the pearls S^, T,^^^ G Tj 
and the corresponding G Tj+i is not empty. 

Let r be the radius of the pearls and Sf^^ with centers cf and c^^^ 
respectively. Let R be the radius of the pearls S^^^ and with centers 
cf"*"^ and c^^^ respectively (see Figure 4). We know that two pearls are 
orthogonal if the square of the distance between their centers is equal to the 
sum of the squares of their radii. Hence 

d\clcl,) = 2r' 

d\dl^\c\tD^2R^ 
d\clc^^')^d\cl,,c^tl)^r' + R' 

this implies that 

d{cl4tl) = d{c\^,,c\^')^r + R 
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Figure 4: Two consecutive pearls ofTi and the correspondings ofTi+i. 

so that the intersection of these four pearls is a point. 

Now consider the filhng of each Tj. We shall prove that there exists a knot 
isotopic to Spin{A) which is totally contained in S := (U|^i|Tj|) U^^j^ B^^, 
where is the closed 4-ball whose boundary is the pearl E^. 



Let uj : I ^ be a parametrization of the arc A hj t & [0?1]- 
Let lit C M*^ be an affine plane parallel to the ;zw-plane. Notice that 
Spin{uj{t)) C lit is a circle for t e (0, 1) and a point for t = 0, 1. 

Let t = ei > be the smallest t for which a;(ei) e B\n Ei (remember 
that is the 4-ball such that dB^ = Sj^). Let t = €2 > be the smallest 
t that satisfies uj{e2) E B[ Cl S2. For t G [61,62], we have that uj{t) G Bf 
for some index k. Then St := Ht (^^=i |E^| is a union of six disks with the 
property that adjacent disks are either overlapped or tangent. Observe that 
Spin{uj{t)) may be not contained in St (see Figures 5 and 6). 

By an isotopy of lit, we can send Spin{uj{t)) to a circle Spin{a{t)), which 
passes through either the middle point of each chord joining the two inter- 
section points of each overlap or the points of tangency of adjacent circles 
(see Figures 5 and 6). Indeed, this isotopy 0t can be constructed radially 
from a function i/jt whose graph appears in Figure 7 (both cases). Thus 
(()t{s,x) = s{ipt{x)) + (1 — s)x is a stable isotopy, i.e. is the identity in the 
complement of a closed set. 
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\ 

J Spin(a(t)) 
Spin(<i>(t)) 



Figure 5: St is formed by six overlapping disks. 




i Spin(a(t)) 
Spin(a(t)) 

Figure 6: St is formed by six tangent disks. 

For the pearls at the poles, we have that Spin{ijj{t)) C Bi for t G [0, ei] 
and Spin{uj{t)) C B2 for t G [62, !]• We can transform, by an isotopy, u}{t) 
t G [0, ei] U [e2, 1] in two arcs contained in the interior of the respective balls 
with the condition that their end-points coincide with Q;(ei), uj{Q) and a(e2), 
cij(l), respectively. 

By the above, we can define a function such that in each level uj{t) is the 
previous isotopy. This function depends of the parameter of the isotopy on 
each level and t. Since it is continuous with respect to each variable, it is 
continuous. Notice that on each level uj{t)^ we have that the corresponding 
isotopy is the identity in the complement of some disk. Hence we can con- 
clude that this function is the identity in the complement of a closed ball. 

We can extend this function to an isotopy defined on (see (201) that 
sends Spin{uj{t)) to Spin{a(t)). 
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Spin(a(t)) 




Diagonal 



Figure 7: Radial isotopy at level uj{t). 



Therefore, an isotopic knot to Spin{A) is totally covered by the pearls 
, k — 1, ... ,1, i — 1, ... ,6 and the two pearls at the poles. ■ 

The intersection of four pearls E*^, E^"*"^ G T-i and E*^_^, E^^^^^ e Tj+i is 
a single point that will be denoted by (see Figure 8). We centered at 
a pearl orthogonal to these four pearls such that it does not overlap to 
any other. Notice that this sphere always exists and its construction uses 
standard Euclidean geometry. 




Hence, Spin(T) consists of the pearls Ef , k = 1, . . . ,1, i = 1, . . . ,6, the 
two pearls E^, m = 1,2, at the poles and the pearls P}^. We will say that 
Spin{A) is the template of Spin{T). 

Consider the group F generated by reflections through each pearl. To 
guarantee that the group F is Kleinian we will use the Poincarc Polyhedron 
Theorem. This theorem establishes conditions for the group to be discrete. 
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In practice these conditions are very hard to be verify, but in our case all of 
them are satisfied automatically from the construction (see ^UJ; El)- 

This theorem also gives us a presentation for the group F. Suppose that 
the pearl-necklace Spin{T) is formed by the pearls Sj, (j = 1,. . . ,n) and 
we denote by Ij the reflection with respect to Sj. Since the dihedral angles 
between the faces Fj, Fj are where riij is either 2 if the faces are adjacent 
or in other case. Therefore , we have the following presentation of F 

F=</,,j = l,...,n| = 1, = 

PROPOSITION 3.5 The group F generated by reflections through each 
pearl, is Kleinian. 

Proof. By the Poincare Polyhedron Theorem, we have that F is discrete 
and its fundamental domain is — \Spin{T)\. Therefore it is Kleinian. ■ 

The first question to appear is if there exists a pearl-necklace Spin{T) for 
some knot Spin{A). In the next theorem we will exhibit a semi-necklace T 
subordinate to an embedded of the trefoil arc A, satisfying all the require- 
ments of the definition 3.3. 

THEOREM 3.6 There exists an embedding of the trefoil arc A in M.^ that 
admits a semi-necklace satisfying all the requirements of the definition 3.3. 

Proof. By proposition 3.4 it follows that if we have constructed a pearl- 
necklace Spin{T) subordinate to the knot Spin{A), it is always possible to 
find a knot isotopic to Spin{A) such that it is totally contained in the interior 
of Spin{T). The group F is defined through the pearl- necklace, this means 
that the pearl- necklace is more fundamental for our purpose than the knot 
itself. This allows us to consider the trefoil arc A as a polygonal arc (see 
Figure 9) obtained joining the centers Ck of the pearls whose coordinates 
appear in the next table. 

Observe that the pearl and the corresponding rotated are orthog- 
onal if and only if their radii are equal to the z-coordinate divided by a/2. 
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Projection of A to the 
xy-plane 



Figure 9: A drawing of the trefoil-arc A. 



Si 


C'i = (2 126.06 121. 2296.89168. .75966995. 0) 


/?! = . 537167778 


S2 


(72=(2426.06421, 2296.89168, 2.835126878,0) 


i?2=2.004737441 


S3 


C3=(2426.06421, 2296.89168, 10.58083755,0) 


7?3=7.481781981 


S4 


C4=(2426.06421, 2296.89168, 39.48822332,0) 


i?4=27.92239049 


S5 


C5=(2426.06421, 2296.89168, 147.3720558,0) 


i?5=104.20778 


Se 


C6= (2426.06421, 2296.89168, 550,0) 


i?6=388.9087297 


E7 


C7=(2426.06421, 1746.89168, 550,0) 


i?7=388.9087297 


S8 


C8=(2426.06421, 1196.89168, 550,0) 


i?8=388.9087297 


S9 


C9=(2426.06421, 740, 400,0) 


i?9=282.8427125 


Sio 


Cio=(2226.56071, 597.879, 200,0) 


i?io=141.4213562 




Cii=(2126.56071, 397.879, 258.5786444,0) 


i?ii=182.8427129 


E12 


Ci2=(2026.56071, 197.879, 200,0) 


i?i2=141.4213562 


Ei3 


Ci3=(1826.56071, 197.879, 200,0) 


i?i3=141.4213562 


Ei4 


Ci4=(1626.56071, 197.879, 200,0) 


i?i4=141.4213562 


Sl5 


Ci5=(1426.56071, 197.879, 200,0) 


i?i5=141.4213562 


S16 


Ci6=(1226.56071, 197.879, 200,0) 


i?i6=141.4213562 


Si7 


Ci7=(1026.56071, 197.879, 200,0) 


i?i7=141.4213562 


E18 


Ci8=(826.56071, 197.879, 200,0) 


i?i8=141.4213562 


El9 


Ci9=(626.56071, 197.879, 200,0) 


/?i9=141.4213562 


E20 


C2o=(426.56071, 197.879, 200,0) 


i?20=141.4213562 


S21 


C2i=(426.56071, 390.842826, 186.6225781,0) 


i?2i = 131. 9620905 


S22 


C22=(426.56071, 556.1388641, 150,0) 


i?22= 106.0660172 


S23 


C23=(426.56071, 695.063304, 130,0) 


i?23=91.92388155 




C'2i=(390. 801.611533. 105.0) 


/?2i=7 1.2 1621202 
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Rn^—7d 24621 202 




26 — \^ ±0 .0^0 1O5 C/U1.C/C/XC/O5 C/X.C/OOU15U) 


J t26 — \JO .KJ^oo 


^27 


r7o-7— rfiin 'i'^fi84Q8 Qn7QQlQ'^ Ql Q88n7 (Tl 


/?ov— 65 0453 


^28 


r7no— ('7(12 'i24QlQ8 Qn7QQlQ'^ Ql Q88n7 Dl 


/?oQ— 65 0453 


y 


<7on— ('7Q4 .'1I2Q8Q8 Qn7QQ1Q'^ Q1 Q88n7 


Ron— 65 0453 


V 

^30 


<7or,— fSSfi 'Snin'iQS Qn7QQ1Q'^ Q1 Q88n7 nl 


/?Qn— 65 0453 


Vol 

^31 


r' fqys Asqioqs qn7qqiq'^ qi q88n7 Dl 


J 1-31 — yjo .yj^oo 


V 

^32 


/I nvn 4770 qn7qqiq'? qi q88n7 fll 


1 132 — uu.WTitJO 


^33 


f 1 1 «o 4«c;o7 qn7qqiq'? qi q88n7 Dl 


J L33 — \JO .yJ^OO 


y 

^34 


r^Q^ — f1 254 45SS4 Qn7QQ1Q'^ QI Q88n7 Dl 


/?„.— fi5 0453 


^35 


^o^:—(^Mf^AA^A^ Qn7QQiQ'^ QiQSsn?^ 


/?or:— 65 0453 


V 

^36 


(7q«— fMSS 42Q48 Qn7QQ1Q'^ QI Q88n7 Dl 


/?Qfi— 65 0453 


^37 


<7o-7— fl 'iSn 41 7'i'i Qn7QQ1QS QI Q88n7 Dl 


ffov— 65 0453 


^38 


(^oo — Tl fi22 40582 Qn7QQ1Q'^ QI Q88n7 Dl 




^39 


r7on— fl 71 4 '^QSfiQ Qn7QQlQS QI Q88n7 Dl 


/?on— 65 0453 


^40 


r7.n— ('1806 "^8176 Qn7QQ1Q'^ QI Q88n7 Dl 


/?.n— 65 0453 


^41 


<7^i— ('1 8Q8 '^fiQS'^ Qn7QQ1Q'^ QI Q88n7 fll 


/?.,— 65 0453 


^42 


r'.o— ('1 QQD S57Q Qn7QQ1QS QI Q88n7 Dl 


R.o— 65 0453 


^43 


(^.0— ('2082 '^45Q7 Qn7QQ1Q'^ QI Q88n7 (11 


/?.o— 65 0453 


Zj44 


/^ foi 74 00404 qn7qqiq'^ qi q88n7 (11 


p «c; 0453 


^45 


('o9«« 0991 1 qn7qqiq'^ QI Q88n7 nl 


1 145 — u^j.UTzOtJ 


V 

^46 


(<7 fooiTQ 01 Ai Q qn7qqiq'? QI Q88n7 (11 


p ec n4ccQ 


zj47 


(7^^— ('2450 2Q82.'i Qn7QQ1Q'^ QI Q88(17 fll 


p.„— 65 0453 


^48 


r2542 28fiS2 Qn7QQ1QS QI Q88n7 (11 


R.o— 65 0453 


^49 


r7.n— ('2fi'^4 274SQ Qn7QQ1Q'^ QI Q88n7 (11 


/?.n— 65 0453 


^50 


r7rn—f 2726 26246 Qn7QQ1Q'^ QI Q88n7 (11 


/?Kn— 65 0453 

J i/5(j — vjtj.WTitJO 


^51 


('001 ocncro qn7qqiqo qi q88n7 (11 


ffci —65 0453 
-1 L51 — yjo .yj^oo 


V 

^52 


<7co— ('9Q1 n 9'^8fi Qn7QQ1Q'^ QI Q88n7 fll 


Ren— 65 0453 


y 

^53 


(7.;q— ('3002 22667 Q07 QQ1Q3 QI Q8807 01 


/?r;Q— 65 0453 


S54 


C54=(3og4.2i474, go7.ggig3, gi.g8807,o) 


i?54=65.0453 




C55=(3i86.2028i, go7.ggig3, gi.g8807,o) 


i?55=65.0453 


^56 


C56=(3278.igo88, go7.ggig3, gi.g8807,o) 


i?56=65.0453 


S57 


C57= (3370. 17895, 907.99193, 91.98807,0) 


i?57=65.0453 


S58 


C58=(3462. 16702, 907.99193, 91.98807,0) 


i?58=65.0453 


S59 


C59=(3554.i55og, go7.ggig3, gi.g8807,o) 


i?59=65.0453 


^60 


C6o=(3646.i43i6, go7.ggig3, gi.g8807,0) 


i?60=65.0453 


^61 


C6i=(3738.i3i23, go7.ggig3, gi.g8807,o) 


i?6i=65.0453 
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r7co— f'^SSn 1 1 Q*^ QDTQQIQ'^ Ql Q88n7 D"! 

V_/g2 — lOOOW.XXtyOj tyWl.iyiyXC/Oj C/X.C/OOWljWI 
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^63 




D «c; 045Q 




r7c^ — ('401 4 nQ544 QDTQQIQ'^ Ql Q88n7 D"! 


fi5 0453 


^65 


f4infi n8S51 QflTQQlQS Ql Q88n7 D") 


ffcK— 65 0453 


y 

^66 


<7«£:— ('41 Q8 07158 QnTQQIQ"^ Ql QSSDT fTl 


65 0453 


V 

^67 


<7c^— ('49Qn n5Qfi5 QDTQQIQ'^ Ql QSSD? fl"! 


R5 0453 


V 

^68 


r' |'4Qoo 04770 00700100 01 088(17 0'! 


73 «c: 045Q 


V 

^69 


('4474 QQc;7q q(l7qqiqs qi q88(17 (Tl 


1 L-69 — UU.UthJO 


V 

^70 


('4P;«« QOQoc qn7qqiq'? qi q88(17 (Tl 


p «c; 045Q 


S7I 


r*-, — l'4fi5n 8Qfi87 Q4S 4fi5257Q Ql Q88n7 0^ 


fi>_, — fi5 0453 


S72 


/7 ('4750 Ql4 74finK'?8 12(1 n") 


D 04 85081 Q74 


y 

^73 


(7-,— ('4750 770 n25585Q 20"^ 77fi1 24 (ll 


R~^—^AA 0Q147Q1 


y 

Zj74 


(7^, — ('4750 522 S8fi4Q1 451 41 fi22Qfi fl"! 


SIQ iqq47 


^75 


r'^K — ('457(1 (1 Q'^d ^^(121 1 (l^l 




V 

^76 


<7^c— ('Sfill Q4S -1(1(1 1(1(1(1 (1^1 


1067812 


^77 


Cy'7=f2611 g43 -100 1000 0) 


By^=7m 1067812 

X L77 < • •X\JWI w X ^ 


^78 


C78=(1611.943, -100, 1000,0) 


i?78=707. 1067812 


S79 


C79=(1096. 504432, 756.930197, 1000,0) 


i?79=707. 1067812 


^80 


C8o=(922.2268, 600, 300.0) 


i?8o=212. 1320344 


^81 


C8i=(750, 500, 163.335525,0) 


i?8i = 115.4956573 


^82 


C82=(750, 500, 43.765626,0) 


i?82=30.94697 


^83 


C83=(750, 500, 11.72696421,0) 


i?83=8.29221591 


^84 


C84=(750, 500, 3.1422119,0) 


i?84=2.221879342 


^85 


C85=(750, 500, .841953143,0) 


i?85=.595350776 



Remcirk 3.7 T/ie coordinates of the centers ofTi^Q, S77 and E78 are rational 
numbers and their radii are equal to We obtained the rest of centers 

and radii using the equations 



and 

d (yCk+i, Ck) = Rk+1 + R-k 

Hence, we conclude that all centers and radii of the pearls belong to a finite 
algebraic extension of the rational numbers. 

Let r be the group generated by reflections Ij, through the pearl E^- 
{j — l,...,n) of the necklace Spin{T) formed by n pearls. Then F is a 
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conformal Kleinian group. 



4 Geometric Description of the Limit Set 

Let A he a spinnable knotted arc in S^. Consider the 2- knot Spin{A) C 
and take a pearl-necklace Spin{T) subordinate to Spin{A) consisting on n 
pearls. 

Let F be the group generated by reflections Ij through the pearl G 
Spin{T). The natural question is: What is its limit set? Recall that to find 
the hmit set of F, we need to find all the accumulation points of orbits. To 
do that we are going to consider all the possible sequences of elements of F. 
We will do this in steps: 

1. First step: Refiecting with respect to each (j = 1, 2, . . . , n), a copy 
of the exterior of Spin{T) is mapped within it. At the end we obtain 

a new knot Spin{Ai), which is in turn isotopic to the connected sum 
of n + 1 copies of Spin{A) and it is totally covered by n{n — 2) pearls 
(packing) called E{Ti). 

Notice that there exists an isotopy of such that the knot Spin{A^A) 
is sent to Spin{A)^Spin{A). Actually, this remains true for the con- 
nected sum of any couple of knotted arcs. Therefore Spin{Ai) is iso- 
topic to spin of the connected sum of n -|- 1 copies of A. 

We have that \Spin(T)\ = \E{Ti)\. In fact, each pearl of Spin{T) lies 
in E{Ti). Hence |i5(Ti)| is a closed neighbourhood of Spn,n{A). To 
clarify the above, see Figure 10 for a simpler case, i.e. for an unknot- 
ted necklace. 



Claim 4.1 \Spin{Ti)\ = V is isotopic to a closed tubular neighbour- 
hood of Spin{A). 

Proof. Let iV be a closed tubular neighbourhood of Spin{A) with the 
condition that N C Int{V). Since ^4 is a spinnable arc, it follows 
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Figure 10: An unknotted necklace and the first iteration. 

that Spin{A) is smooth. Given p G Spin{A), consider the tangent 
plane TpSpin{A) of Spin{A) at p. Let n^(p) C S'^ be a 2-sphere to- 
tally geodesic with respect to the spherical metric (i.e. radius 1) that 
passes through p and intersects transversally TpSpin{A). Thus n^(p) 
cuts each solid pearl Bi G \Spin(T)\ that contains p in a disk Di. 
Then Dp = UDi is a star-shaped set with respect to p. This neigh- 
bourhood is contained in a closed disk BRp{p), where the radius is 
Rp = sup{d{x,p) : X G Dp} + e. Notice that Np ^U^{p)nN d Dp (see 
Figure 11). 




Figure 11: A start-shaped neighbourhood of p. 

Hence for each point p G Spin{A), we have found a neighbourhood 
Dp C n^(p) of it which is star-shaped with respect to p and retracts 
onto Np. This retraction can be constructed in the following way. One 
draws a ray tq going from p with angle 9. Let n{9) be the intersection 
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point of rg with Np and let d{6) be the intersection point of tq with 
Dp (see Figure 13). We can send the segment d{9) to the segment n{9) 
through the radial isotopy (f)p(t,x) = tipp{x) + (1 — t)x, where ipp[s) 
is the unique polygonal function whose graph appears in Figure 12. 
Observe that this function is the identity beyond a distance Rp from p. 




did) Rp 

Figure 12: The ray d{6) is sent to the ray n{6) by a radial isotopy 

Therefore we have an isotopy defined on lP{p) that transforms Dp to 
Np and is the identity outside of some closed disk Br^^p). Since n^(p) 
depends continuously of p, we have an isotopy that sends V to A^. By 
pUj we can extend this isotopy to S^. This isotopy is the identity out- 
side of a closed tubular neighborhood Spin{A) x S^, where the radius 
of is sup{-Rp}. ■ 

2. Second step: If we consider the action of elements of F on E{Ti), we 
obtain a new knot Spin{A2) totally covered by a packing consisting of 
n{n'^ — 2n + 7) pearls, called E{T2). The knot Spin{A2) is isotopic to 
the connected sum of + 1 copies of Spin{A). By the above observa- 
tion, it follows that it is also isotopic to the Spin of the connected sum 
of + 1 copies of A. 

Let Vi = E(T2) — Spin(T). Then \Vi\ is connected and is a closed 
neighbourhood of the 2-knot Spin{Pi), which is in turn isotopic to the 
connected sum of 2n + 1 copies of Spin{A). By the above claim, |Vi| 
is isotopic to a closed tubular neighbourhood of Spin{Pi). Notice that 
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Vi\ C \V\ (see Figure 13). 




Figure 13: The dotted pearls form \ Vi 



3. k^^-Step: The action of elements of F on E{Tk^i) determines a tame 
knot Spin{Ak), which is in turn isotopic to the connected sum of 
^[ ''"'"ra-2~''^ ] ^ copies of Spin{A) and is also isotopic to the Spin of 
the connected sum of ^[ ''""''^2"^ ] + -'- copies of A. 

Let Vfc_i = E{Tk) — E{Tk-2)- Thus |Vfc_i| is connected and is a closed 
neighbourhood of the knot Spin{Pk-i) which is in turn isotopic to the 
connected sum of + n{n - 3)''-^ + 1. This neighbourhood 

consists of 2n{n — 3)^ pearls and is isotopic to a closed tubular neigh- 
bourhood of Spin{Pk-i). By construction, |Vfc_i| C |Va,._2|. 

Let X G n^j^|Vfc|. We shall prove that x is a limit point. Indeed, there 
exists a sequence of closed balls {Bm} with Bm C \Vm\ such that x G Bm for 
each m. We can find a 2; G S"^ — Spin(T) and a sequence {wm} of distinct 
elements of F, such that Wm{z) G Bm- Since diam{Bm) — it follows that 
Wm{z) converges to x. The other inclusion clearly holds. Therefore, the limit 
set is given by 

00 

A{r,A) = lim\Vk\ = f]\Vk\. 
k k=i 

THEOREM 4.2 The limit set A(F,y4) is isotopic to Spin{A), where A is 
a wild arc in the sense of 0/, fT^ , and is contained in each page (M.\) of the 
open book decomposition ofW^. 
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Proof. Let A be a spinnable knotted arc. Construct the 2-knot Spin{A) 
and take the necklace of n-pearls Spin(T) subordinate to Spin{A). 



Now consider a semi-pearl necklace C consisting of n consecutive orthog- 
onal round 2-spheres that cover completely to A, in which its end-points 
are the centers of the first pearl, Si, and the last one, S„. Construct 
Spin{C) = Uo<6i<27r-Re(C') (see section 2). 

Claim 4.3 \Spin{T)\ is isotopic to \Spin{C)\. 

Indeed, we have already proved that \Spin(T) \ is isotopic to a closed tubu- 
lar neighbourhood of the knot Spin{A). By the same argument, \Spin{C)\ 
is isotopic to a closed tubular neighbourhood of Spin{A). Now two closed 
tubular neighbourhoods of Spin{A) are isotopic (|8j). This proves the claim. 
■ 

In the first step of the reflecting process applied to Spin(T), we get a 
packing E{Ti), of Spin{Ai) formed by pearls. Now, for the case of the semi- 
necklace C, we join the end-points of A by an unknotted curve L obtaining 
a knot K (see Figure 14). 



Figure 14: The dotted curve L joining the end-points of the arc A. 

We complete the semi-pearl necklace C for the knot K, with pearls Zs, 
s = 1, . . . ,r, keeping the same conditions on consecutive pearls. This new 
necklace is called Z (see Figure 15). 
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En" 



Figure 15: The pearl-necklace Z subordinate to the knot K. 

Now, wc reflect only with respect to each pearl Ej, i — 1, . . . ,n, of C 
Then we obtain a new knot isotopic to the connected sum of n + 1 copies 
of K. To return to an arc, we remove the unknotted curve joining the 
image of the end-points of A under the corresponding reflections. This new 
arc is called and is totally covered by a set of pearls Ci. Observe that 
C C Ci (see Figure 16). 



Notice that Spin{A^) is isotopic to Spin{Ai) and Spin{Ci) is a packing 
for it. Thus, Spin{\Ci\) = Spin{\C\) (where \C\ is defined as \Spin{T)\) is a 
closed neighbourhood of Spin{A). 

In the second step for the necklace Spin{T), we get a packing E{T2) of 
the knot Spin{A2). For the semi- necklace C, we join again the end-points of 




Figure 16: The knot and the line L} . 
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the arc by an unknotted curve, Li, forming again the knot in such a 
way that when we complete the semi-pearl necklace Ci, we add the pearls Zg 
s = 1, . . . ,r, obtaining the necklace Z. We can assume that the end-points 
of the arc coincide with the centers of the pearls Si and E„ e C C Ci, 
respectively (see Figure 17). 



z 




Figure 17: The pearl-necklace Z subordinate to the knot . 

Now reflecting only with respect to each pearl of the semi-necklace C, 
i.e. with respect to the pearls S, i = 1, . . . ,n, we get as in the previous 
step, the packing C2 of the new arc A"^, which is in turn isotopic to the 
connected sum of 2r;, + 1 copies of K minus an unknotted curve L2. When 
we spin C2 and A"^, we obtain the packing Spin{C2) of S'pm(A^). Define 
Wi = Spin{C2) - Spin{C) U {Ij{Z) : j = 1, . . . ,n}. Then \Wi\ is a closed 
neighbourhood of a 2-knot SpinlQ"^), which is isotopic to the connected sum 
of 2n + 1 copies of Spin{A). So \Vi\ and \Wi\ are closed neighbourhoods of 
isotopic 2- knots. Using the same arguments of claim 4.1 and the standard 
fact that any locally flat embedding of §^ in has trivial normal bundle, it 
follows that two closed tubular neighbourhoods of isotopic knots are isotopic, 
hence \Vi\ is isotopic to \Wi\ and the following diagram commutes 

(sMv^il) > (§Mv|) 

{sMw,\) . {s\\w\), 

where the row maps are inclusions. Notice that this isotopy is stable, i.e. is 
the identity on some open in S^, and is orientation-preserving (see fTI]). 
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Inductively, for the k^^-step we obtain the packings E{Tk) of Spin{Ak) and 
SpiniCk) of Spin{A''). Where Spin{Ak) is obtained through the reflecting 
process previously described. The arc A'^ is formed applying the reflecting 
process to C G Z subordinate to the knot K'^ and removing an unknotted 
curve Lk- Then 

\Vk\ = \E{Tu+i) - E{Tu-i)\ 

and 

\Wk\ = \Spin{Cu+i) - Spin{Cu-i) U (Z) : 1 < / < A;}| 

are closed neighborhoods of the knots Spin{Pk) and Spin{Q^) respectively, 
which are in turn isotopic to the connected sum 

copies of Spin{A). Hence, \Vk\ is isotopic to \Wk\ and the following diagram 
commutes 

(sM^fcl) > (§MVfc-i|) 

(sMw^,|) > (sMw^fc-i|). 

Observe that this isotopy is stable and orientation-preserving. Summarizing, 
we have the commutative diagram 

(s\\v\) < (sMi^ii) < ■■• < (sMi^fel)--- 

{s\\w\) < (sMw^ii) < ■■■ < {sMWkD--- 

where the row maps are inclusions and the vertical arrows are orientation- 
preserving stable isotopies. 

The inverse limit in the first row of the above diagram is (S^, A(r, A)) and 
the inverse limit in the second row is (S"^, 5'pm(lim^ But lim^ \ is 

a wild arc denoted by A(r) (see ^1], ^^), i.e. the inverse limit in the second 
row is (S^, Spin{A(T))). 

By the universal property of the inverse limit, there exists a homeomor- 
phism of to which sends A(r, A)) to Spin{A{r)). This homeomorphism 
is stable because it coincides with a stable homeomorphism on some open 
set (see fl]) and is orientation-preserving. This implies that it is isotopic to 
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the identity (see [H]). 

Therefore, the knots 5'j9m(A(r)) and A{r,A)) are isotopic. This proves 
the Theorem. ■ 

COROLLARY 4.4 The limit set A(r,y4) is homeomorphic to 
Proof. By the above theorem, we have that 
A{T,A) ^ Spin{A{r)) ^ 



THEOREM 4.5 Let Spin{T) be a pearl-necklace subordinate to the non- 
trivial tame knot Spin{A). Then A(r,A) is wildly embedded in S"^. 

Proof. The fundamental group of — A(r, A) is isomorphic to the fun- 
damental group of the knot obtained joining the end-points of the arc A by 
an unknotted curve (see |221)- It is well-known that this fundamental group 
has no finite representation (see jU], [E]). ■ 

Example 4.6 Let Spin{T) be a pearl-necklace subordinate to Spin{A) where 
A is the trefoil arc, T2^z- Then 

Tli{Spin{A)) = ni(T2,3) = {x,y \ xyx = yxy} 

hence 

U,{S''-A{T,A)) = {xuyi,...,yn,...\ 

xiyixi = yixiyi, xiy2Xi = y2Xiy2, • • • , xiynXi = ynXiyn, ■ ■ ■} 
^ (■ ■ ■ {U,{Spin{A)) *|,,| Ui{Spin{A))) ■ ■ • Ui{Spin{A)) *|,,} ■ ■ ■ 
is infinitely generated with a infinite number of relations. 
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5 Hyperbolic Manifolds 



The action of F can be extended to the hyperbohc space and in this 
case r is a subgroup of Isom H^, which acts properly and discontinuously on 
©5 = jj5 y ^jj5_ j^g fundamental polyhedron isV = (H^ U dM^) - \Spin{T)\, 

where Spin{T) is the natural extension of the pearl-necklace to H^. It is a 
convex subset and has a finite number of sides, hence F is geometrically finite 
(see 0). 

The group F acts properly and discontinuously on V, then the quotient 
= (D^ - A(F, A))/T = V (see Theorem 2.2) is a compact orbifold such 
that its interior is a non-compact hyperbolic manifold of infinite volume and 
its compactification as a subset of has boundary which possesses a con- 
formally flat structure given by the action. 

For the Kleinian group F acting on the pearl- necklace Spin{T), its fun- 
damental domain is = — \Spin{T)\. The group F acts properly and 
discontinuously on D, hence D = r2(F)/F = (§^ — A(F))/F is an orientable, 
compact, conformally fiat 4-orbifold with boundary. Its fundamental group 
coincides with the fundamental group of the template of Spin{T). 

In the next section, we will describe (S^ — A(F))/F under the restriction 
that Spin{A) is a fibered knot. 

Consider now the index-two subgroup F C F consisting of even words, 
i.e. F is the orientation preserving index two subgroup of F. Its fundamental 

polyhedron is P = {B.^UdB.^ -\Spin{T)\)U{Rj - Ij{\Spin{T) - S^D), where 
tilde means the natural extensions to the hyperbolic space of both the pearl- 
necklace and the corresponding reflection map. Since P C is a convex 
subset and has a finite number of sides, it follows that F is geometrically finite. 

Since F acts freely on its domain of discontinuity, then the quotient space 
A4~ = (©^ — A(r,A))/r = P/^f is a compact, orientable manifold, such 
that Int{A4~^) is a non-compact, orientable hyperbolic manifold of infinite 

volume. This space as a subset of (©^ — A(F)), has a boundary which pos- 
sesses a natural conformally fiat structure given by the action. 
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For the Kleinian group F acting on S^, its fundamental domain is D = 
- \Spin{T)\)[J {Bj - Ij{\Spin{T) - S^D). Since f acts freely on ^](f), 
we have that Q/T = D (IQ/ ~j=, is a compact, orientable, conformally flat 
4-manifold with boundary. Its fundamental group is the fundamental group 
of the knot Spin{A^A). 



6 Fibration of - A(r) over §^ 

We recall that a mapping f : E ^ B is said to be a locally trivial fibration 
with fiber F if each point of B has a neighbourhood U and a "trivializ- 
ing" homeomorphism h : f'^{U) ^ U x F for which the following diagram 
commutes 

f-\U)^^Ux F 




projection 



E and B are known as the total and base spaces, respectively. Each set 
f^^{b) is called a fiber and is homeomorphic to F. We will be concerned 
with fibrations with base space §^ 



Definition 6.1 A knot or link L in is fibered if there exists a locally triv- 
ial fibration f : (S^ — L) ^ We require that f be well-behaved near L. 
That is, each component Li is to have a neighbourhood framed as X §\ 
with Li = {0} X S^, in such a way that the restriction of f to (D^ — {0}) x 
is the map into given by {x,y) — » A. 



It follows that each / ^(x) U L, x G is a 2-manifold with boundary L: in 
fact a Seifert surface for L (see [221 , page 323). 



Example 6.2 Let §^ C be the 3-sphere centered at the origin of radius e. 
Let V = {{zi, Z2) : zl + zl = {]}. Then ^l^V = K is the right-handed 

trefoil knot and the map F : — K —* Ei^ given by F(zi,Z2) = is a 

locally trivial fibration with fiber the punctured torus (see /i?/ section 1, 
pages 327-333). 
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LEMMA 6.3 (\31^]Let A he a spinnable knotted arc. Suppose that the knot 
K , obtained from A joining its end-points by an unknotted curve, fibers over 
the circle with fiber the surface S. Then Spin{A) fibers over the circle with 
fiber Se, an Ei^ -family of surfaces S all glued onto a single meridian of 
with longitude 9. The interior of S is S and its boundary is a meridian of 
dH^ (see Figure 18). 

Proof. The fibering of the complement of K induces a fibering of D'^ — 
by surfaces S'g, 6 E'E^ . The interior of Sg is S and its boundary is dS0=Ml 
the meridian of 5©'^ with longitude 9 (see Figure 18). 




Figure 18: Fibering of - B\ 

Recall that in the spinning process we multiply the interior of D'^ by 
and dJ}^ stays fixed. Hence, we get a fibering of — Spin{A) by an S^-family 
of surfaces S all glued onto the single meridian Mg of with longitude 9. 

■ 

Henceforth, a fibered arc will mean that the knot obtained from it joining 
its end-points by an unknotted curve, fibers over the circle. 

LEMMA 6.4 Let A be a spinnable fibered arc with fiber the surface S . Let 
Spin{T) be an n-pearl necklace subordinate to the tame knot Spin{A). Let 
A(r,y4) be the limit set. Then Q(r)/r fibers over the circle with fiber S** , 
the closure of the surface Se of the previous lemma. 

Proof. Let P : §^ — Spin{A) §^ be the given fibration with fiber the 
3-manifold Sg. Observe that P \s4,-.spin{T)= P is a fibration with fiber Sg. 
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As we know f2(r)/r = D* . In our case D* = — Spin{T), which fibers 
over the circle with fiber the closure of Sg.M 

By the above, to describe (S^ — A{r, A))/r when the original knot is 
fibered, we just need to determine its monodromy. It coincides with the 
knot's monodromy. Hence we have a complete description of (S^— A(r, A))/r. 

LEMMA 6.5 Let A be a spinnable fibered arc with fiber the surface S . Let 
Spin{T) be an n-pearl necklace subordinate to the tame knot Spin{A). Let T 
be the orientation preserving index two subgroup ofT. Let A(r, A) be the limit 
set. Then Q(r)/r fibers over the circle with fiber S* , which is homeomorphic 
to the connected sum along the boundary of the 3-manifold Sg with itself. 

Proof. We can assume, up to isotopy, that the fiber S cuts each pearl 
of the semi-necklace corresponding to A, in arcs going from one intersection 
point to another. Hence, we can assume that the fiber Sg cuts each pearl 

G SpiniT) in disks a^, whose boundary is the intersection of Ej with the 
adjacent pearls. 

When we refiect with respect to Sj a copy of Sg, called SI, is mapped to 
the interior of Sj and it is joined to Sg along the disk a^. ■ 

Since F is a normal subgroup of F, it follows by Lemma 8.L3 in [2^ that 
F has the same limit set as F. Therefore — A(F, A) = §^ — A(F, A). 

THEOREM 6.6 Let A be a non-trivial spinnable fibered arc. Let Spin{T) 
be a pearl-necklace subordinate to the fibered knot Spin{A) . Let F be the group 
generated by reflections through the pearls and letV be the orientation pre- 
serving index two subgroup ofV. Let A(F, A) = A(F, A) be the corresponding 
limit set. Then: 

1. There exists a locally trivial fibration : — A(F,y4) S^, where 
the fiber Eg = ip'^iO) is an 'B^ -family of surfaces S all glued onto a 
meridian 6, of dUr' (see Lemma 6.3). Where S is an orientable infinite 
genus surface with one end. 

2. E*-S^ = A(F,A). 
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Proof. We know that ( : 0,{r) — > Q(r)/r is an infinite-fold covering. By 
the previous lemma, there exists a locally trivial fibration : Q(r)/r — > 
with fiber S*. 

Then ijj = cp o ( : il{T) — > S-*^ is a locally trivial fibration. The fiber is 
r{S*), i.e. the orbit of the fiber. 

We now give another proof. As we know from Theorem 4.1, the knot 
A(r, ^4) is isotopic to the knot Spin{A{r)), where A(r) is a wild arc. Since A 
is fibered, so is A(r). In this case the fiber, E, is an orientable infinite genus 
surface with one end. Hence Spin{A(r)) fibers over the circle with fiber E^, 
an §^-family of surfaces E all glued onto a meridian 9, of (see Lemma 
6.3). 

The first part of the theorem has been proved. For the second part, 
observe that the closure of the fiber is the closure of the §^-family of surfaces 
E, i.e. is the closure of an S^-family of ends. As we can see in the Figure 20, 
each end has as boundary the wild arc A(r). Hence the closure of the fiber 
is exactly the limit set. Therefore — E^ = A(r, A). ■ 

RemEirk 6.7 1. This theorem can be generalized to fibered links. 

2. This theorem gives an open book decomposition o/S^ — A(r, A), where 
the "binding" is the wild knot A(r,A), and each "page", E*, is a 3- 

manifold which fibers overE>^ and is the -family of surf aces E all glued 
onto a meridian 9, of If" (see Lemma 6.3). Here E is an orientable 
infinite genus surface with one end. 

Indeed, this decomposition can be viewed in the following way. For the 
above theorem, S^— A(r, A) is E* x [0, 1] modulo the identification of the 

top with the bottom through an identifying homeomorphism. Consider 
E* X [0, 1] and identify the top with the bottom. This is equivalent to 
keep (9E* fixs and to spin E* x {0} with respect to c?E* until glue it with 
E* X {!}. Removing 9E* we obtain the open book decomposition. 

7 Monodromy 

Let Spin{A) be a non-trivial fibered tame knot and let S be the fiber. Since 
S'' — Spin{A) fibers over the circle, we know that §^ — Spin{A) is a mapping 
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torus equal to S x [0, 1] modulo an identifying homeomorphism ip : S ^ S 
that glues S'x{0}toS'x{l}. This homeomorphism induces a homomorphism 

called the monodromy of the fibration. 

Another way to understand the monodromy is through the first return 
Poincare map, defined as follows. Let M be connected, compact manifold 
and let ft be a fiow that possesses a transversal section rj. It follows that 
if X E rj then there exists a continuous function t{x) > such that ft G rj. 
We may define the first return Poincare map F : t] ^ rj as F{x) = ft{x){x)- 
This map is a diffeomorphism and induces a homomorphism of Hi called the 
monodromy (see [21], chapter 5). 

For the manifold — Spin{A), the fiow that defines the first return 
Poincare map $ is the fiow that cuts transversally each page of its open 
book decomposition. 

Consider a pearl- necklace Spin{T) subordinate to Spin{A). As we have 
observed during the refiecting process, Spin{A) and S are copied in each 
refiection. So the fiow $ is also copied. Hence, the Poincare map can be 
extended in each step, giving us in the end a homeomorphism : — >■ Eg 
that identifies Eg x {0} with Eg x {1}, and induces the monodromy of the 
wild knot. 

From the above, if we know the monodromy of the knot Spin{A) then we 
know the monodromy of the wild knot A(r, A). 

By the long exact sequence associated to a fibration, we have 

^ ni(E;) ^ ni(§^ - A(r, A)) ^ z ^ o, (i) 

which has a homomorphism section \I' : Z (S'* — A{r,A)). Therefore (1) 
splits. As a consequence ni(S^ — A(T,A)) is the semi-direct product of Z 
with ni(E;). 
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Example 7.1 Let A be the trefoil arc. Consider the knot Spin{A). Then 
the fiber {9 E E>^) is an E>^ -family of punctured torus all glued onto a sin- 
gle meridian (see previous section). The fundamental group of Tig is the free 
group in two generators, a and b. Since Ili{Spin{A)) = Ili{Trefoil knot), it 
follows that the monodromy maps, in both cases, coincide. That is, ip^ sends 
a I— s> b^^ and b ab. Its order is six up to an outer automorphism (See 122] 
pages 330-333). 

The monodromy in the limit : — » Ili(T,*g) is given by ai b^^ 
and bi i-^ aibi, where ni(Sg) = {aj,6j}. So 

ni(§^ - A(r, A)) ^ ni(§i) n,m) 

= {ai, bi,c: ai*c = br^, bi * c = aibi} 

= {ttj, c : c~^a^^c = aiC~^ai} 

= {ai, c : c = aiCaiC~^a^^} 

= {ai, c : c = caiCaiC~^a^^c^^} 

= {ai, c : c = caiC~^ aiC~^ c^^ ca^^ c^^} . 

Let ai = caiC~^; 

= {ai, c : c = aiCaiC~^ a~^} 

= {ai, c : caiC = aicai] 

This gives another method for computing the fundamental group of a wild 
2-knot whose complement fibers over the circle. 

COROLLARY 7.2 Let Spin{T) be a pearl-necklace whose template is a 
non-trivial tame fibered knot Spin{A). Then Ili{Q{r) /T) = Z ni(Sg). 

8 Kleinian Groups and Twistor Spaces 

In this section we will lift the action of the group F on §^ to its twistorial 
space, which is complex projective 3-space Pq. We refer to [21] and \L9l for 
details. 

Let us now recall briefly the twistor fibration of also known as the 
Calabi-Penrose fibration vr : ^ (see There are several equivalent 
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ways to construct this fibration. A geometric way to describe it is by thinking 
of §^ as being the quaternionic projective hne P^, of right quaternionic hnes 
in the quaternionic plane Ti.^ (regarded as a 2-dimensional right 7i-module). 
That is, for q := (gi, ^2) £ 'H'^ (g 7^ (0, 0)) the right quaternionic hne passing 
through q is the hnear space Rq := {(giA,g2A)|A G TC}. We can identify 
with via the M-hnear map given by (^1,^2) ^ {zi, Z2, z^, Z4), where 
gi = zi + Z2]=xi + a;2i+X3j+X4k and q2 = + Zij=yi + y2'i+y3i+y4^- In 
this notation i, j, k denote the standard quaternionic units, zi = xi + ^21, 
Z2 = X3 + x^i, Z3 = yi + y2\ and ^4 = ^/3 + Va^- 

Under this identification each right quaternionic hne is invariant under 
right muhiphcation by i. Hence such a hne is canonically isomorphic to C^. 
If we think of as being the space of complex lines in C^, then there is an 
obvious map vr : P,^ — S^, whose fiber over a point H G is the space of 
complex lines in the given right quaternionic line H = thus the fiber is P^. 

The group Con/+(S^) of orientation preserving conformal automorphisms 
of §^ is isomorphic to PSL{2,T-C), the projectivization of the group 2x2, 
invertible, quaternionic matrices. This is naturally a subgroup of PSL{A, C), 
since every quaternion corresponds to a couple of complex numbers. Hence 
Con has a canonical lifting to a group of holomorphic transformations 
of Pq, carrying twistor lines into twistor lines. 

Definition 8.1 (\24i ) By a twistor Kleinian group we mean a discrete sub- 
group G of Authoi{Pc) of holomorphic automorhisms, which acts on P^ with 
non-empty region of discontinuity ^{T) and which is a lifting of a conformal 
Kleinian group acting on 

Remark 8.2 There is no "good" general definition of the discontinuity set 
Q for general groups, hence an appropiate definition must be given in each 
case (see fl^ . We are considering the definition I.4 of in which fl{G) 
is an open G-invariant set and G acts properly and dis continuously on Vt{G). 
The space Q{G)/G has the quotient topology, and the map n : Q ^ Q/G is 
continuous and open. 

It has been proved in [21] that if G C Cori/+(§^) is a discrete subgroup 
acting on with limit set A, then its canonical lifting Cora/+(S^) acts on 
P^ with limit set A = 7r^^(A) , thus A is a fibered bundle over A with fiber 
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In [21], is also proved that if we restrict the twistor bundle to a proper 
subset of S^. 

We consider the Kleinian group F such that its limit set is §^ wildly 
embedded on S^. Then 

THEOREM 8.3 There exists a x wildly embedded in the twistor space 
Pq dynamically defined, i.e. it is the limit set of a complex Kleinian group 
T cAuthoiiPi). ■ 
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